Abstract-A pattern synthesis approach based on a modified alternating projection method in an affine coordinate system is proposed in this paper. The approach is suitable for large planar arrays with skewed element layout. According to the affine transformation theory, the radiation pattern of the array with a periodic parallelogram element layout could be written down immediately from that of a conventional one with rectangle cells when a pattern invariant group is defined. Just as known, the conventional alternating projection method is sensitive to the starting point and easy to fall into local optimum; in this paper we introduce a modified alternating projection method with a variable projection operator. To verify the rationality of the proposed method, several examples have been performed on our personal computer. Results show that the method could quickly synthesize the array patterns to the required with high accuracy. In addition, if the array has a triangle or parallelogram element layout, the required antennas to fill up the aperture is reduced when compared with the conventional one with antennas arranged along a rectangle grid. In our examples, the maximum reduction is about 18.09%, which is quite beneficial to reduce the weight and cost of the array.
INTRODUCTION
In the design of large aperture antenna arrays, the number of antenna elements, phase shifters and other associate components becomes extremely large. Sometimes, to reduce the weight and cost and not to sacrifice the aperture gain, antennas are placed farther apart to fill up the same aperture. Ordinarily, in large phased arrays, antennas are arranged with element spacing equal to or less than a certain value which is determined by the main beam peak to suppress the generation of grating lobes. For example, in the case of full scan, the maximum element spacing is half the wavelength if the array has elements located on a rectangle grid. However, if the array has elements located along a parallelogram grid, the element spacing could be a little larger, and thus fewer elements would be required to fill up the same aperture [1] . In general, the array with an equilateral triangle element distribution could have a 13.4% reduction in the element number [2] .
Evolutionary optimization algorithms, such as genetic algorithm (GA) [3, 4] , particle swarm optimization (PSO) method [5, 6] and some hybrid methods [7, 8] , have been successfully applied to synthesize array patterns to the required. However, the involved computation time to good result is always measured in hours or even days and/or the array size is not too large. In recent years, an iterative method based on the fast Fourier technique [9] [10] [11] [12] was put forward to synthesize large planar arrays with uniform element spacings. In papers [9, 10] , an affine transformation was applied on arrays with a triangular grid in order to get arrays with square element grid on which the standard IFT method could be applied on arrays featuring skewed grids. Further explanation is, a new coordinate system was obtained by making the column and row spacing equal through scaling, followed by a rotation of the aperture x-y coordinate system over an angle of 45 degrees. In this rotated coordinate system, the elements are arranged along a square grid allowing the use of inverse and direct FFTs. In both papers, the far field of the arrays with a triangular grid was calculated in a very fast way using a proprietary method based on a chirp z-transform.
Generality, effectiveness and simplicity in the implementation explain the use of alternating projection method in array pattern synthesis [13] [14] [15] [16] [17] [18] . Based on the concept of the projection, two sets are defined: one is the feasible set, and the other is the specification set. The former contains all the patterns that can be achieved, and the latter contains all the patterns that want to be obtained. An intersection of the two sets is a solution to the synthesis. The method is simple, fast and easy to implement on software. Moreover, alternating projection method is older than those methods including GA, PSO and IFT. While on the negative side, it is easy to fall into local optimum, which has motivated various modifications on the conventional method [15] [16] [17] .
In this paper, we present a fast pattern synthesis approach for large periodic planar arrays. The approach is based on a modified alternating projection method in an affine coordinate system. The approach is capable of synthesizing any type of pattern, such as sum, different and shaped beams. When the array has a skewed lattice, the array factor could be quickly calculated by the inverse discrete Fourier transform if a special set of wavenumber vectors in an affine coordinate system is selected. After obtain the array pattern and compare it with the prescribed target, the samples which exceed the pattern limitations are altered with a modified projection operator, and then a new set of element excitations could be obtained by inversely projecting the modified pattern onto the feasible set. The procedure of the approach is shown as follows. This iterative synthesis process continues until the pattern satisfies the requirements completely or the iteration reaches its maximum number.
The paper is organized as follows. Section 2 introduces the formulation of the array factor for arrays with periodic element layouts. Section 3 describes the synthesis approach. Section 4 presents several synthesis examples. Section 5 is the conclusion.
FORMULATION
Consider a general periodic array with elements distributed along a skewed grid. For simplicity, let one side of the parallelogram parallel to x-axis in the xoy plane as shown in Figure 1 .
The element position vector − − →
where where I mn is the aperture current distribution, k the wavenumber vector, and
Obviously, although a vector may be fixed in space, its components are mutative depending on the bases of the coordinate systems. Let
wherek 1 ,k 2 are arbitrary unit vectors in wavenumber space. To take advantage of the efficiency of DFT/IDFT, letk
the array factor (2) then can be further expressed as
Equation (6) is the formulation of the array factor for periodic planar array with parallelogram element layout. As a special case, when the array has a rectangle element layout, there is
DESCRIPTION OF THE METHOD
Consider a finite two-dimensional sequence x(m, n). Its discrete Fourier transform (DFT) can be written as
where
To take advantage of the efficiency of DFT/IDFT, we uniformly sample
µ, η are positive integers) and pad the element excitations I by zero if necessary, then (6) equals (10) where
Obviously, (10) is similar to (9), i.e., the array factor can be calculated by
According to the principle of pattern multiplication the array pattern E r equals the array factor F a multiplied by the element pattern F e , i.e., E r = F a · F e , and on the contrary, the array factor F a equals the array pattern E r divided by the element pattern F e , i.e., F a = E r /F e . After obtaining the array pattern, the next is to compare the pattern with the prescribed target. All the samples which exceed the limitations are altered following the rule in (13) .
where P M is the positive projection operator; E r is the normalized calculated pattern; E d is the normalized modified pattern; M u , M l are the upper and lower limitations of the required pattern;
iter is the iteration number; iter max is the maximum iteration number; ζ, γ are real quantities, called in the following "perturbation factors". The larger ζ and smaller γ could speed up the convergence speed of the algorithm. Then a renewed set of element excitations can be obtained by the inverse computation of (12), i.e., a 2-D K × L points DFT performed on the modified array factor. The Fourier result consists of K × L samples, and only the former M × N samples are associated with the array aperture. Other element excitations outside the aperture are set to zero.
The procedure of the synthesis approach for periodic planar arrays can be summarized as:
1) Determine the wavenumber vectorsk 1 ,k 2 according to Equation (5).
2) Design the upper and lower constraint target patterns M u , M l .
3) Calculate the array factor F a (12) and the array pattern E r . 4) Judge whether the iteration satisfies the terminate conditions, break or continue. 5) Modify the array pattern following the rule (13). 6) Calculate the renewed set of element excitations and only retain the samples within the aperture. 7) Back to step 3).
The synthesis approach is also suitable for constrained complex weighted problems. It just needs adding a modification procedure at the beginning of step 3). The modification on the element excitations was first given in detail in [18] . Until now, we have finished the synthesis in an affine coordinate system. While in practical engineering applications, one prefers to express the pattern in Cartesian or spherical coordinate. The available interp2 in Matlab can be employed to calculate the pattern samples one needs quickly, and the brute force method consisting of the summation of the individual contribution of each element to the far-field is also feasible.
During the synthesis process, the key is to design the upper and lower constraint target patterns in an affine coordinate system. In wavenumber space, the relationship between different wavenumber vectors is
If one performs scalar product on both sides of (14) withd 1 ,d 2 ,x andŷ successively and it satisfieŝ k 1 ·d 2 = 0,k 2 ·d 1 = 0, then there will be the transformations
Since the upper and lower limitations of the target expressed by k x , k y (or u, v) in the Cartesian coordinate system are known to us, the values p, q corresponding to k x , k y in an affine coordinate can be calculated by (15) and (11) . According to the minimum and maximum values of p, q, the Fourier intervals of the array factor (10) can be obtained, and then the sampling points k 1 , k 2 (or p, q) of the array factor in an affine coordinate system are obtained. The values k x , k y corresponding to k 1 , k 2 (or p, q) in the Cartesian coordinate could be calculated by (13) . Therefore, the upper and lower constraint target patterns in an affine coordinate system are obtained.
Since DFT/IDFT can only deal with discrete quantities and to ensure accuracy, large Fourier sampling number is necessary. In our examples, 2-D 1024 × 1024 points FFTs were selected to calculate the array factor in an affine coordinate, and final 2-D 1025 × 1025 points were chosen to express the pattern in the Cartesian coordinate system.
SYNTHESIS RESULTS
Several examples have been performed on our personal computer with an Intel(R) Core(TM) i3 processor operating at 3.2 GHz and equipped with 2 GB RAM to verify the rationality of the proposed method. The perturbation factors ζ, γ are chosen as 0.5 and 2, respectively. For simplicity, the arrays were composed of isotropic elements. The initial element excitations were selected as one, and the synthesis problems were unconstrained complex weighted problems.
First, it was the synthesis of the array with a circular aperture with a diameter of 33.01-wavelength. The synthesis target was to obtain a pattern with a multilevel sidelobe performance. The requirements were: SLL (sidelobe level) ≤ −52 dB for the ring {0.076 2 < u 2 + v 2 ≤ 0. Figure 1 ) and total element number of these three cases are shown in Table 1 . From the data shown in Table 1 , it is clear that case 2 and case 3 have larger element spacings than case 1, and own a reduction about 13.12% and 16.64% in the element number. The maximum iteration number was set to 8000. The synthesized results are shown in Table 2 . To illustrate the generality of the alternating projection method in an affine coordinate system, the results obtained by the conventional and another modified projection operators were also added to the table. In our examples, the other modified projection operator was given briefly in [17] , and the parameters m, n were chosen as 1 and 2.
From the results shown in Table 2 , it can be noted that with the two modified projection operators, the iteration stopped with the pattern completely satisfied the requirements in an affine coordinate system for both cases 1, 2 and 3. For cases 2 and 3, the pattern satisfied the requirements completely in an affine coordinate system, while in the Cartesian coordinate system there were still samples exceeding the requirements. This is because DFT/IDFT can only deal with discrete quantities, and the sample wanted to be obtained in the Cartesian coordinate system does not always have a corresponding sample accurately calculated in the affine coordinate system. To ensure accuracy, one can only increase the Fourier sampling points. From the results shown in Table 2 , it also can be observed that with the two modified projection operators, there were 20 and 34 (or 33) samples exceeding the requirements for case 2 and case 3 in the Cartesian coordinate system. The contour plots of the synthesized patterns obtained by our proposed method are shown in Figure 2 . The synthesized patterns had a same directivity of 37.99 dB. The aperture current distributions pertaining to the synthesized patterns are shown in Figure 3 with a taper efficiency of 0.5569, 0.5532 and 0.5490, respectively.
The u-cut and v-cut of the synthesized patterns through the main beam peak are shown in Figure 4 . To illustrate the interpolation accuracy of interp2, the results obtained by direct summation are also added into the figures. The solid line plots the result obtained by interp2, and the dotted line plots the actual result calculated by direct summation.
Second, it was the synthesis of the array with elements placed on an equilateral triangle grid with d y = λ/2 as shown in Figure 5 additional single element located at the center with a total element number of 2437. The synthesis target was to achieve a pattern with a maximum sidelobe level of −55 dB for the ring {0.08 2 ≤ u 2 + v 2 ≤ 1}. The maximum iteration number was set to 8000. The synthesized results are shown in Table 3 .
From the results shown in Table 3 , it can be noted that the synthesis with the two modified projection operators had better results and required less computation time. The synthesized patterns Obviously, our synthesized pattern was a little better and required less computation time. The u-cut and v-cut of our synthesized pattern are shown in Figure 6 . The pattern had a directivity of 37.21 dB with a taper efficiency of 0.5371. Figure 7 depicts the aperture current distribution pertaining to the pattern.
Third, it was the synthesis of the array which had the same element layout as case 3 in the first example, featuring an approximate square aperture with a side length of 33.01-wavelength. The antenna number was 3677. Compared with the array with a square element layout as case 1 in the first example (the element number required was 4489 in this case), it has a reduction about 18.09% in the element number. The synthesis target was to obtain a pattern with three flat sectors and three nulled sectors. The corresponding constraint regions and sidelobe level (SLL) limitations are shown in Table 4 . The maximum iteration number was set to 8000. The synthesized results of different projection operators are shown in Table 5 . From the results, it can be noted that the synthesized patterns had 90, 89 and 90 samples exceeding the requirements and our computation time was the least. Figure 8 depicts the u-cut and v-cut of the synthesized pattern through the main beam peak. The pattern had a directivity of 40.07 dB with a taper efficiency of 0.6739. Figure 9 depicts the aperture current distribution pertaining to the synthesized pattern.
From the depicted patterns above (Figures 4, 6 and 8) , it can be noted that the results obtained by interp2 were almost the same as the actual value calculated by direct summation.
CONCLUSION
A pattern synthesis approach based on the alternating projection method in an affine coordinate system is presented. It is suitable for large planar arrays with periodic element layouts (rectangle, triangle and parallelogram). The proposed method with a modified projection operator in an affine coordinate system can synthesize the array pattern to the required with fast convergence rate and high accuracy. In addition, if the array has elements placed on a triangle or parallelogram grid, the reductions in the number of the antenna elements and other associated components provide the designer lighter weight and lower manufacturing cost.
